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Binary128 (FP128)
• The quadruple-precision floating-point format with 113-bit

significand and 15-bit exponent defined in IEEE 754-2008
• Currently, not available on most processors such as x86

and ARM in hardware
• Software implementation (emulation) is available on GNU

and Intel compilers, but they take a large performance
overhead compared with binary64 in hardware

• The need for quadruple-precision is limited at present but
certainly exists in some applications such as SDP [1]. We
expect that providing fast implementation invokes new
applications

Overview of this work
• A fast accurate matrix multiplication method on binary128

matrices on CPUs using Ozaki scheme [2]
• Ozaki scheme enables one to perform the most of the

computations using DGEMM; a good performance can be
obtained easily on many-core processors

Related work
• Double-double (DD) arithmetic [3]: a quadruple-precision

arithmetic method that can be built upon binary64
arithmetic, with 106-bit significand and 11-bit exponent;
this is faster than binary128 emulation at arithmetic
operation level

• MPLAPACK [4]: a multi-precision BLAS/LAPACK; the high-
precision arithmetic can be performed using binary128
(GCC/ICC), QD [5] (with double-double), MPFR [6], etc.

Ozaki scheme
• We utilize the Ozaki scheme [2], which is an

accurate matrix-multiplication algorithm based
on the error-free transformation for dot-product
/ matrix-multiplication

• Ozaki scheme transforms a matrix multiplication
to the element-wise summation of several
error-free matrix multiplications, which can be
performed using standard floating-point
operations without rounding-errors

• Our previous work “DGEMM using Tensor
Cores” [7] extended the original Ozaki scheme
to utilize low-precision GEMM inside

• An accurate matrix multiplication on binary128 matrices using Ozaki 
scheme, which enables one to compute binary128 matrices using 
DGEMM: easy to achieve a good performance on many-cores with SIMD

• Performance is input-dependent: performance decreases as the absolute 
range of input matrices increase

• Faster than MPLAPACK’s binary128-GEMM and double-double-GEMM 
(but double-double has a potential to achieve better performance with 
SIMD optimizations [9])

• Code is available as Accurate and Reproducible BLAS “OzBLAS”
https://www.r-ccs.riken.jp/labs/lpnctrt/projects/ozblas/
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Environment
• CPU: Intel Xeon Gold 6126 (Skylake, 12 

cores, 2.6GHz) x 2 sockets (24-cores in total)
• RAM: DDR4-2666 192GB (255.9GB/s) 
• Execuion: 24 threads, with “numactl --

localalloc”
• Compilaion: g++ (GCC) 8.3.1 20190311 with 

MKL 19.0.5, “-O3 -fp-model source -fprotect-
parens -qopenmp -xCORE-AVX2 -
mtune=skylake-avx512”

Experimental Setup
• A matrix muliplicaion: C=AB (α=1.0 and 

β=0.0 in GEMM that computes C=αAB+βC)
• Input matrices are iniialized with pseudo 

uniform random numbers of +/- [1,10R) as 
the performance depends on the absolute 
value range of the input matrices (it decides 
the number of split matrices and GEMMs)

Comparison
• Oz-b128: our implementaion based on 

Ozaki scheme
• MM-b128: MPLAPACK’s binary128 GEMM 

(ICC’s binary128 emulaion)
• MM-dd: MPLAPACK’s double-double GEMM 

(QD’s double-double)
• Note: MPLAPACK’s GEMM rouines perform 

a classic matrix muliplicaion using high-
precision arithmeic with OpenMP
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• Oz-b128 does not increase the error even when matrix size increases 
while others increase by following the error-bound of inner-product

For ( , is the set of binary128)

1. Splitting (element-wise)

2. Computation & Summation

Exponent
(2byte-integer)

Significand
(binary64)

Error-free: no rounding-error occurs on binary64

Recursively performed until c(p)=0

when†

†

Format Exponent Mantissa Decimal digits (approx.)
binary32 (FP32) 8 24 7.23
binary64 (FP64) 11 53 15.95
binary128 (FP128) 15 113 34.02
double-double 11 106 31.91

Optimizations for binary128
• The implementation is based on our previous work [7], but the following optimizations have been applied for improving the

performance on binary128 computations: they try to avoid slow binary128 operations as much as possible (note: they are
applicable only when input matrices fit into the binary64’s exponent range. The other cases need to be computed without them)

• Optimization-1: fast splitting using binary64. The input binary128 matrices are first split into three binary64 matrices before
applying to the Ozaki scheme, and those binary64 matrices are split using the Ozaki scheme for binary64.

• Optimization-2: fast summation using binary64: the results of matrix multiplications of split matrices (obtained in binary64) are
summed by TwoSum [8] using three bins and then converted to binary128

Fig. Schematic of matrix multiplication using Ozaki scheme 

Tab. Floating-point formats 

Fig. Ozaki scheme for inner-product

Fig. Performance analyses Fig. Execution time breakdown

Fig. Accuracy evaluaLon Fig. Performance evaluaLon
• Oz-b128 outperforms MPLAPACK’s binary128 GEMM and 

double-double GEMM in most cases

”Flops (on QP)” is 
computed as 2n3/t (t: 
execution time in secs); 
it does not correspond 
to the binary64 Flops’R’ controls the input 

range as +/- [1,10R)

’R’ controls the input 
range as +/- [1,10R)

“Comp” includes 
DGEMM and 
summation costs

• Performance of Oz-b128 depends on the number of split matrices 
(and GEMMs accordingly) and the DGEMM performance

• The matrix splipng cost is negligible, and the DGEMM cost is 
dominant in the total execuion ime
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Extension

• The same scheme can be 
built upon SGEMM instead 
of DGEMM

• No merit on this platform, 
but may be faster on 
platforms with limited FP64 
performance

https://www.r-ccs.riken.jp/labs/lpnctrt/projects/ozblas/

